We discover new Voronoi formulae for automorphic forms on GL(n) for n ≥ 4. There are [n/2] different Voronoi formulae on GL(n), which are Poisson summation formulae weighted by Fourier coefficients of the automorphic form with twists by some hyper-Kloosterman sums.
Introduction
A Voronoi summation formula of an automorphic form is a Poisson summation formula weighted by Fourier coefficients of the automorphic form with possible twists by some arithmetic weights. The Voronoi formula of an automorphic form on GL(2) has been established and has a lot of application.
A Voronoi formula of an automorphic form on GL(3) was discovered by Miller and Schmid in [MiSc1] . Later, a Voronoi formula was established for GL(n) for n ≥ 4 in [MiSc2] , [GoLi1] , and [GoLi2] . An adelic version was established in [IcTe] . That formula has powerful application, such as [Mi] , [Li] and [KoRi] .
More recently, Li and Miller established a different type of Voronoi formula on GL(4) 1 . Their formula is an equality between a weighted sum of Fourier coefficients of an automorphic form on GL(4) and a dual sum, both twisted by classical Kloosterman sums.
In this paper, we discover the full generality of such phenomenon. Our formula on GL(n) is an equality between a weighted sum of Fourier coefficients of an automorphic form twisted by hyper-Kloosterman sums of order k and a dual weighted sum of Fourier coefficients of the dual form twisted by hyper-Kloosterman sums of order n − k. The Voronoi formula of [MiSc1] , [MiSc2] , [GoLi1] , and [GoLi2] are the case of k = 1. Li and Miller's Voronoi formula on GL(4) is the case of n = 4 and k = 2. For an automorphic form on GL(n), there are [n/2] different Voronoi formulae, which correspond to k = 1, . . . , [n/2]. 
where Ω ± is defined as
and
Proof. This is literally the sum of Theorem 3.4 and Theorem 4.1.
Our method is based on the functional equation of the twisted L-functions of π by Dirichlet characters. The same method is used in Section 4 of [GoLi1] . This method can be easily applied to the case of automorphic forms of level > 1 and to many conjectural functorial lifts. Our method does not depend on automorphicity but on the twisted functional equations, which are consequences of automorphicity. The twisted functional equations can be consequences of other methods. On GL(2), the collection of twisted functional equations and the automorphicity are equivalent, which is Weil's converse theorem. On GL(n) when n ≥ 3, the collection of the twisted functional equations has not been proved to imply automorphicity.
For example, though the Rankin-Selberg convolutions on GL(m)×GL(n) are not generally known to be automorphic, except the few cases of GL(2)×GL(2) and GL(2)×GL(3), the twisted functional equations of GL(m)×GL(n)×GL(1) are well known. Thus, by our method, we have the Voronoi formulae for the Rankin-Selberg convolutions on GL(m)×GL(n). The same method can also be applied to other functorial lifts such as symmetric squares on GL(3).
The obvious shortcoming of our method is that the denominator q in the hyperKloosterman sums has to be a prime number. We predict that more general and complicated formulae with arbitrary integer denominator q in the hyper-Kloosterman sums can be obtained, just like those in [MiSc2] and [GoLi2] for k = 1.
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Background
Let π be a even Maass cusp form for SL(n, Z) with the spectral parameter
and A(1, . . . , 1) = 1. We refer to [Go] for the definitions and the basic results of Maass forms.
The
where
Let q be a prime number. Let ψ be a nontrivial Dirichlet character mod q and τ(ψ)
Let k be an integer with 1 ≤ k ≤ n − 1. In the case of ψ(−1) = 1, the twisted L-functions satisfy the functional equation
In the case of ψ(−1) = −1, the twisted L-functions satisfy the functional equation
Hyper-Kloosterman Sums
Let q be a prime number. For abbreviation, we define e(x) = exp(2πix). The hyperKloosterman is defined as
and we shall note that
In the degenerate case n = 1, we have the additive twist
When n = 2, we have the classical Kloosterman sum. We define ∑ * ψ mod q as the summation over nontrivial Dirichlet characters ψ of mod
It is also known
Even Voronoi Formula
Let k be an integer and 1 ≤ k ≤ n − 1. Let a be a number and (a, q) = 1. Let a be its multiplicative inverse mod q. Define (8) and (7) when l = n − 1 respectively.
By the same proof, we also have the following lemma. Lemma 3.3. We have the identity
Proof. The left side equals
The right side equals
After multiplying (−1) n q k−ns , we match term by term with the left side.
Theorem 3.4
Let 
where Ω + is defined in (9).
Proof. By the functional equations (1) and (2) and Lemma 3.3, we have
Integrating on both ends with the functionω, we have
by Lemma 3.1 and the Mellin inversion formula. We also have
by Lemma 3.2. The rest of terms are matched by (5) when (m, q) = 1 and by (4) when q|m. 
Odd Voronoi Formula
Integrating withω on both sides of (10) where Ω − is defined in (11).
